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CUBIC FORMS IN THIRTY-TWO VARIABLES

By H. DAVENPORT, F.R.S.
University College London t
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It is proved that if C(xy,...,%,) is any cubic form in n variables, with integral coefficients, then the
equation C(xy,...,%,) = 0 has a solution in integers x,, ..., %,, not all 0, provided = is at least 32. The
proof is based on the Hardy-Littlewood method, involving the dissection into parts of a definite
integral, but new principles are needed for estimating an exponential sum containing a general
cubic form. The estimates obtained here are conditional on the form not splitting in a particular
manner; when it does so split, the same treatment is applied to the new form, and ultimately the
proof is made to depend on known results.

1. INTRODUCTION
A classical theorem, due to Meyer, states that if n>>5 every indefinite quadratic form
Q(xy ..., %,) in n variables with integral coefficients represents zero, that is, the equation
Q = 0 has a solution in integers ¥, ..., #,, not all 0. It has long been conjectured that some
similar result holds for forms of higher degree, but until recently such results had been proved
only for special forms, such as ¢;x%+ ... 4¢,«%, which are amenable to treatment by the
methods devised for Waring’s Problem.

It has recently been proved independently by D. J. Lewis, by myself, and by B. J. Birch
(in order of priority) that there is a number N such that every cubic form in z variables, with
integral coeflicients, is a zero form if # > N. The work of Lewis (19570) is based on a theorem
of Brauer (1945). The work of Birch (1957) uses similar ideas but goes further; it proves the
analogous result for all forms of odd degree, with a value of N depending on the degree, as
indeed it must. In both treatments the problem for the general cubic form is ultimately
reduced to the corresponding problem for a form of the type ¢;#3+ ... +¢, 43, for which the
result is known to hold.

My own proof, presented here, has the merit of giving a reasonable value for N, namely 32.
Stated formally, the result is:

n n n
THEOREM. Let Clapoonniy) = 2 3 3 Gy X% (1)
i=1j=1 k=1
be any cubic form in n variables with integral coefficients. Then if n>>32 there exist integers %y, ..., %,
not all 0, such that C(%py ..., %,) = O. (2)

T Now at Trinity College, Cambridge.
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194 H. DAVENPORT ON

It is known that the assertion of the theorem would be false for <10 (see Mordell 1937).

The method of proof is in principle that of Hardy and Littlewood. An investigation based
on this method was made by Tartakowsky (1935), but his work appears to beincomplete, and
in any case relates only to ‘general’ forms. Apart from this work, almost all the existing
applications of the Hardy-Littlewood method are to additive problems, and depend from
the outset on the fact that the exponential sum appropriate to the problem is a product of
sums, each in one variable. In the present work we have to deal with exponential sums
containing a general cubic form in z variables. The method used here for estimating such
sums is a development of that which I have introduced elsewhere (Davenport 1956, 1958) in
connexion with exponential sums containing a general quadratic form.

The Hardy-Littlewood method, when it is effective, yields an asymptotic formula for the
number of solutions in integers of a given equation, possibly with subsidiary conditions.
The main term in the formula is the product of two factors. One of these can be regarded as
measuring the density of the solutions in the real field; the other is itself an infinite product,
with one factor for every prime p, and this factor can be regarded as measuring the density
of the solutions in the p-adic field. Such asymptotic formulae arise in the present work, but
here they have no absolute validity, for in establishing them we make use of the hypothesis
that the equation in question has no non-zero solution. One point that emerges more clearly
in the present application of the Hardy-Littlewood method than in previous ones is that the
equation in question must have not merely a non-zero solution but a non-singular solution,
both in the real field and in every p-adic field, in order that the asymptotic formula shall be
significant.

The solubility of (2) in every p-adic field, provided n>>10, has been established recently,
in different ways, by Demyanov (1950) and Lewis (1952) ; the former, however, assumes that
p+3. In §2 I give my own proof, constructed before I was aware of these papers. Though
somewhat long, it has certain features of interest. None of the three proofs seems to extend
easily to forms of higher degree, though itis known that there is always a p-adic solution if 7 is
sufficiently large (Brauer 1945).

The proof of the theorem is continued in §§3 to 7, each of which (like §2) is largely self-
contained, and is completed in §8. §3 is concerned with general cubic exponential sums,
and forms the most difficult and delicate part of the investigation.

The synthesis in §8 is accomplished in several stages. In the first stage, it is proved that
C(xy, ..., x,), where n>32, either represents zero or represents a cubic form of the type

Cl(xli (] xn—8) +dy3'

The process of splitting off cubes is continued in the subsequent stages, which make in-

creasing use of methods appropriate to Waring’s Problem. The final stage is that of proving

the solubility of
’ dytt . +dsyi = O,

and this can be carried out by an adaptation of known methods (Davenport 1939).

It may be of interest to remark that the analogous problem for forms of even degree
2r (r>1) presents a difficulty of formulation, quite apart from the formidable difficulties
of proof. Mr H. P. F. Swinnerton-Dyer has shown me an example of a form of degree 6 in any
number of variables which does not represent zero, even though the corresponding equation
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CUBIC FORMS IN 32 VARIABLES 195
has a non-singular solution in the real field and in every p-adic field. This example is provided
bytheform g5 L nsia(x2 o 4aB)3—5(2, ... 4D,
where r<s<n. The insolubility of the equation 3x3+ 4y — 523 = 0 in integers (not all 0) was
proved by Selmer (1951).

2. THE p-ADIC PROBLEM

C(x) =C(xy,...,%,) = ;;%cz’jk”ixjxk (1)

be a cubic form with integral coefficients ¢;;, which are symmetrical in the three suffixes. We
shall suppose that C(x) is non-degenerate, that is, that C(x) is not equivalent to a cubic form
in fewer than n variables. This is obviously true if C(x) does not represent zero.

Our aim in this section is to establish the existence, for every prime p, of a positive integer [
with the following property: for every sufficiently large », the congruence

C(xy, ..., x,) =0 (mod p*)
has a solution for which dC|dx;%=0 (mod p') for some 1.

(a) Let

This is the meaning, expressed in elementary terms, of the assertion that the equation
C(x) = 0 has a non-singular solution in the p-adic field (see §1). We shall also prove that
thereis an upper bound for / which depends only on a certain arithmetical invariant of C, and
is independent of p. This, however, is not essential for the application later.

The first two lemmas apply in principle to forms of any degree, and may be classical.

Let N = }n(n+1). Let ¥ denote the matrix of #» rows and N columns whose general
element is ¢;j, where ¢ indicates the row and the pair j, £, with j <%, indicates the column, all
these N pairs being arranged in some fixed order. Let A denote a typical determinant of

order z formed from any z columns of %, the number of possible determinants being (i\f) .

DEerintTION. Let h(C) denote the highest common factor of all the determinants A, if they are not

all 0, and in the latter case let h(C) = 0.
LemmA 2-1. Let | - i o, (1<i<n)
r=1

be a linear transformation with integral coefficients q;, of determinant q 0, and let
Cxyy ey ) = C' (2, ..., %)
identically. Then h(C) is divisible by gh(C").
Proof. The coeflicients in the two forms C and C’ are related by
n n n '
Crst = Z E 2 iG55 GueCijie
=1 j=1 k=1

In defining the matrix ¥ above, we chose a one-to-one correspondence between pairs j, £
with 1<j<k<nand integers  with 1 <u<N. Thus the general element of €' is ¢j;;, = ¢;,,
say, where ¢ =1,...,n and g=1,..., N. Similarly, representing the pair s, ¢ with s<¢

by v, the general element of € is ¢,,, = ¢,,. Put

_ {stth if J = ka
9t st I J<k,

w

25-2
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196 H. DAVENPORT ON

where x# denotes the pair j, £ and v the pair s, £. Then the relation between the two sets of
coefficients can be written . N
’
Oy = 'gl Qz‘rﬂgl cipu;tv’

wherer = 1,...,nand v = 1, ..., N. In matrix notation, this is
% =276,

where 2 = ¢, is an nXn matrix and % =u,, is an N x N matrix, and T denotes the
transpose.
Let A be the determinant formed from the columns v, ..., v, of €, or symbolically:

A= (det®)L-n

2 Vn®

Since the matrix 2 has determinant g, it follows that
+A = g(det %),
By a well-known result (MacDuffee 1946, theorem 7-9) we have

(det G u)yn, = 2 (det®’)pror,, (det@)pn g

s Vn P13 eeer P10 sy Vn 2
pl) seey Pn

. N . .
where the summation is over all (n) selections of p,, ..., p, from 1, ..., N without regard to

order.

In each term of the sum, the first factor is one of the determinants A’ of order z that can be
formed from ¥”’, and the second factor is an integer. Hence the sum is divisible by £(C’), and
it follows that A is divisible by ¢i(C’). This proves the result.

-CoroLLARY. A(C) is an arithmetical invariant of C, that is, it has the same value for any two
equivalent forms.

Progf. If C and C’ are equivalent forms, the lemma applies with ¢ = 1, and shows that £(C)
is divisible by #(C’). Similarly, 4(C"’) is divisible by %(C), whence the result.

Lemma 2-2. If C(X) is non-degenerate then h(C) + 0.
Proof. If h(C) = 0 then all determinants of order » formed from % vanish, that is, the
n rows of € are linearly dependent. Thus there exist #,, ..., p,, not all 0, such that

n
1==21 bitjr =0

for all j, £; and we can take p,, ..., p, to be integers with highest common factor 1. Since

10C
30 JE % Cijk%j X ks
13

we have pl-gg—i—...—i—pngg—zo

identically in %), ..., x,. It is well known that there exists an 7 X n matrix of integers p,,, of
determinant + 1, such that p,, = p, for i = 1, ...,n. Putting

n
%= 2 DY
r=1
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CUBIC FORMS IN 32 VARIABLES 197

we have dC/dy, = 0 identically, and consequently C(x) is equivalent to a form in y,, ..., ¥,
and is degenerate.

The converse of the last lemma is also true, for the above argument is reversible, but it will
not be needed.

(6) In the subsequent work, up to lemma 2-8, it will be convenient to deal with cubic
forms in which the coeflicients are integers but are not necessarily divisible by 3 (for terms
such as x}x,) or 6 (for terms such as x, x,x;), as is implied by the representation (1) and the
condition of symmetry. We therefore consider now cubic forms of the type ‘

Clyy oo y) = 3 dijp%,%; %, (2)

IEYAS

where the 4, are integers.

DEFINITION. Let p be a prime and | a positive integer. We say that C(x) has the property o (p') if
there exist inlegers xy, ..., %, such that ' ' ‘

Oy, ..y %,) =0 (mod p2-1), | (3)

dC/0x,= ... =3C[dx,=0 (mod p~1), (4)
0C[0x,2=0 (mod p') for some :. (5)

For brevity we express (4) and (5) by
P (9C)oxy, ..., 0C)0x,). (6)

It is plain that the property & (") is arithmetically invariant: if it holds for one form then it
holds for any equivalent form. Indeed this remains true with a wider definition of equiva-
lence, admitting linear transformations with any determinant that is relatively prime to p.

LemMA 2-3. Suppose C(X) has the property sZ (¢*). Then for any v=0 the congruence
C(xy, ..., %,) =0 (mod p#-1+7) (7)
has at least p®= solutions, mutually incongruent to the modulus p**, and each satisfying (6).

Progf. We proceed by induction on v; when v = 0 the assertion is merely that of o/ (). We
assume the result for a particular value of » and deduce the corresponding result with v+1in
place of ». _

For any variables xy, ..., x,, %, ..., %, we have the identical congruence

C(x+p*ua) =C(x) +p*(u, 0C[0x,+ ... +u,dC[dx,) (mod p2+?).
This is obvious if >3, but it holds also if p = 2 or 3. For, by (2),
3C[0x3 = 6d,,,, 03C[0x}0x, = 2d,,,,
and it is easily seen that the apparent denominators arising from the factors 1/2! and 1/3! in
the two further terms of the Taylor expansion all disappear.

We take xy, ..., %, to be any one of the p®~1” solutions of (7) and (8), the various choices

being mutually incongruent modulo p*”. We can put
| ’ C(x) =ap?='*, 9C[ox; = Dp-',
where a, D,, ..., D, are integers and D,5=0 (fnod p) for some ¢. The congruence

- C(x+p7u) =0 (mod p2+?)
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198 H. DAVENPORT ON
holds if a+Dyu,+...4+D,u,=0(modp).

This has p*~! solutions in u, mutually incongruent modulo p.
Thus, corresponding to each X, we obtain p"~! values of y = x4 p'**u. These satisfy

C(y)=0(mod p?*), y=x(modp'*?).

From the latter it follows that each y satisfies (6). We obtain altogether p@-D ¢+ values for y,
and they are mutually incongruent modulo g'*»+1, This is the desired result.

 (¢) LEmMA 2-4. If n>4 and C(X) does not have the property o7 (p), then C(X) is equivalent to
form of the type C' (1 50 2) +C” (11 ). ®)

Proof. By atheorem of ChevalleyT there is a solution of C(x) =0 (mod p) other than x=0,
since the number of variables exceeds the degree of the congruence. As C(x) does not have
the property (), we must have dC/dx;=0(mod p) for all i. After a suitable integral
unimodular transformation, we can take the solution in question to be

x=1Lx=..=x,=0.
Then C(x) has the form

C(x) = apx}+pxi(byxo+... 4+ b,x,) 2, (bgg X34 bogs Xy x5+ ) + Gy (%5 5 X)),

the coefficients of x3x,,...,x3x, being =0 (modp) because they are the values of
dC[dx,, ...,0C[dx, at the solution.
If by, ..., bys, ..., are not all =0 (mod p), we can choose #,, ..., x, so that

bopx3+ ...+ bog Xy %3+ ... 20 (mod p),
by taking values of the type 1,0, ..., 0 or of the type 1, 1,0,..., 0. We can then choose %, SO
that %1 (bag3+ ... Fbygxo x5+ ...) +C,_1 (%9, ..., %,) =0 (mod p),
and this gives a solution of C=0 (mod p) with dC/dx,==0 (mod p), contrary to hypothesis.
We can therefore suppose that by, ..., by, ... are all =0 (mod p). Thus C(X) is equivalent to
D21 Q%15 -5 %) + Gy (K 1o %)
where Q, is a quadratic form (though not necessarily with even coefficients for the product

terms).
If n>>5 we can put ¥, = 0 and apply the same argument to C,_, (%, ..., x,), since this form

also cannot have the property & (). Thus C,_, is equivalent to
D53 Quo1 (K -5 %) + g (K5 105 %)
The prdcess continues until we reach Cy(x,_s, %,_1,%,), to which Chevalley’s theorem does
not apply. Hence C(x) is equivalent to a form of the type
P2 Q%2 @y o+ 5,5 Qy) + Cy(%y -5 %15 %)

Reversing the order of writing the variables, we obtain a form of the type (8).
It may be noted that the resulting form C” (xy, ..., x,) in (8) contains no terms in x,, £,, x5
only. But this fact will not be needed in the sequel.

t See, for example, Davenport (1952, pp. 55-57).
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CUBIC FORMS IN 32 VARIABLES 199
LEMMA 2-5. If, in the result of lemma 2-4, the form
C"(0,0,0,x...,%,)
N Xy, ..., %, has the property o (p*), then C(X) has the property o (p*) for some I<A+1.
Proof. By lemma 2-3 with v = 1, there exist #,, ..., x, such that
C"(0,0,0,xy,...,%,) =0 (mod p?),
P (9C" 0%y, ..., AC" [0,,).
Hence, for the values 0, 0, 0, x,, ..., ¥, we have C=0 (mod p?**1) and
| (C/ox,, ...,0C)0x,).
If, for these values of x,, ..., x,, we define [ by
1| (0C)dxy, ..., dC)ox,),
then /<<A+1 and C(x) has the property .« (§').

LemMA 2-6. If n>>10 and C(X) does not have any of the properties oZ (p), o (p2), o (p3), then it is

equivalent to a_form of the type
CH* (%15 vvy Xgy PX1gs -5 PXy)- (9)

Proof. In the expression (8) for a form equivalent to C, which we denote again by C, we put
x; = py, for 1 = 1, 2, 3. This gives
C(bY 1> DY 2 PY 35 K45 -5 %) = °C (Y15 Y25 Y3) +2C" (0415 DY 25 DY 35 % -5 %) -

Ignoring multiplies of 3, we have

C(0Y15 Y25 LY X5 -5 %) =D?C 2(Y15 Y2 Y3 | Xy eees %) +pC"(0,0,0,%,,...,x,) (modp3), (10)

where C| , denotes a form which is of the first degree in y,, y,, 5 and the second degree in
Kgyooes Xpe

By lemma 2-5, the form C”(0,0,0, ,, ..., %,) in x,, ..., %, does not have either of the pro-
perties & (p), # (p?). We apply lemma 2-4 to this form, and put x; = py, for i = 4, 5, 6 in the
result. Neglecting multiples of p2, we obtain

C"(0,0,0, 09,4 0Ys, PYes X5 - -5 %,) =pCO(0, ..., 0,%;, ..., %,) (modp?). (11)

Further, by lemma 2-5, the form C®(0, ..., 0, x,, ..., x,) in %5, ..., x, does not have the property

().
Putting x; = py, for ¢ = 4,5, 6 in (10), and using (11), we obtain a result which can be
written

C(BY15 - os PYos %5 -5 %) =p* (91 @1+ Y2 @y + 3 Q5) +£°CH(0, ..., 0,25, ..., 2,)  (modp?), (12)

where @, @,, Q; are quadratic forms in ,, ..., x,. It will be noted that y,, y5, ¢ do not appear
on the right. '

Suppose that one of the quadratic forms, say @, is not identically =0 (mod p). Then there
exist x4, ..., x, for which @,=0 (mod p), and we can choose y,, ¥,, ¥; so that

Y1@1+92Q2+y3 Q5+ C9(0, ..., 0, Ky oo x,)=0(modp).
This gives C(py1s - os PYes %75 ..+ %,) =0 (mod p3),
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200 H. DAVENPORT ON
the values of y,, ¥, y being arbitrary. Also

(a/ayl) C(pyl, o °apy6, K73 0005 xn) EAPZQI *0 (modp3) :
Taking x; = py; for 1<<6, and noting that d/dx, = p~1d/dy,, we have values of x,, ..., x, for
which C=0 (mod p3) and dC/dx, == 0 (mod p?). This contradicts the hypothesis that C(x) does
not have either of the properties </ (p), «Z (p?).
Thus Q,, @,, @5 are all identically=0 (mod p), and (12) becomes
C(ﬁ!/], . 'apye, X7y ooy xn) .:__—p2C(3)(O, MRS O, Xy eees xn) (mOdﬁs) :
Finally, we apply lemma 2-4 to the form C® in x,, ..., x,, which (as already noted) does not
have the property 7 (p). We obtain ‘
C(0, ...,0,%, ..., %) =CH(x, x5, %5) (mod ).
Putting x; = py, for ¢ = 7, 8,9, we get

C(ty1s --+> PYgs X105 -+ -5 %,) =0 (mod p*),
and this holds identically in y,, ..., y,, %0, ..., %,- Denoting the form on the left by

P30*<Z/1, ces Y9 X105 +- 0 xn)a
we have the identity Clxyy..s,) = C¥(%yy o0y Xgy PX1gs --vs PX,,).
LemMmA 2-7. Suppose that n>>10. If, in the result of lemma 2-6, the form C*(xy, ...,x,) has the

property £ (p*), then the form C(x,, ..., x,) has the property o (p*) for some [ <A+ 3.
Proof. By lemma 2-3 with v = 3, there exist y,, ..., ¥g, %10, ---» %, sSuch that

C* (Y15 -+ Ygs X105 -+ X,) =0 (mod p2A+2), 1 H (0C*[dy,, ....0C*[ox,).

Since CC(PY1s s PYgs X105 -5 %) = P3C* (Y1, -5 Ygs X1s -3 %)
idcntically, we have C(pyla e -,p!/g, X105 = ¢+ xn) =0 (mOdp2A+5)a

and one at least of dC/dy,, ..., C[dx, is not divisible by p*+3. Taking x; = py, for 1<<9, we see
that one at least of C/dx;, ..., dC/dx, is not divisible by p*+3, whence the result.
(d) We are now in a position to prove the main result of this section, namely:

LemMA 2-8. Any non-degenerate cubic form in at least 10 variables has the property o (§*) for
every prime p and a suitable | depending on p. There is an upper bound for | depending on the cubic
Jform but not on p.

Proof. Suppose C(x,, ..., *,) is a cubic form, of the type (2), which does not have any of the
properties.o (p), (p?), ..., (p*™), where m is a positive integer. By lemma 2-6, this form is
equivalent to a form of the type (9). This implies that there is a linear transformation

X,

M=

qirxr (1 <1\<J’l),

ENAN

1

5
]

with integral coefficients and determinant p»~9, which transforms C(x,, ..., x,) into another
form, say C®(x}, ..., x,) with integral coefficients. By lemma 27, the form C® does not have
any of the properties & (p), ...,/ (p*"3). By repetition, it follows that there is a linear
transformation with integral coefficients and determinant -9 which transforms C(x) into
a form C™(y) with integral coefficients.
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CUBIC FORMS IN 32 VARIABLES 201

We now revert to the considerations of lemmas 2-1 and 2-2, and in order to do so we con-
sider the forms 6C(x) and 6C%™(y), which can be written in the notation (1). It follows from
lemma 2-1 that £(6C) is divisible by p*~9m. Further, 4(6C) is a positive integer by lemma2-2.

Thus (n—9) m< (log k(6C)) /log p < (log (6C)) /log 2,

and this gives an upper bound for 7 which is independent of p. The proof is complete.

3. GENERAL CUBIC EXPONENTIAL SUMS

[(x) = I'(xy, ..., %,) = 1j§1 kzlyijkxixjxk (1)

[

B

(a) Let

I

be a cubic form with arbitrary real coefficients y,;, which are symmetrical in the three
suffixes. Let # be any box in n dimensional space of the form

x<x<xj (j=1,..,n). (2)

We shall suppose that 0<w] —x;<1, (3)
but this is merely for convenience. Let P be a large positive integer, and let

S =Xinnge (D(xyyennx,))s (4)

where the summation is over the integer points in the box PZ defined by Px; <x; <Px}, and

where e (¢) = e?7%. The only restriction imposed on 7 in the present section is that n>>1.
The obvious estimate for Sist | S | < P, and no more is true if, for example, the y;;, are all

integers. Our aim in this section is to investigate the consequences of the hypothesis.that

| S| =P (5)

where « is a fixed positive number, small compared with . It is natural to expect that the

coefficients y;;, will then satisfy many approximate linear relations with integral coeflicients.
Let - )
B;(x]y) =zl kzlyijkxi?/k (J=1,...,m). (6)
=1 K2

It will be convenient to write B = (B, ..., B,) and
| B| =max (| B,],...,| B,|)

for any point (or vector) B. We denote by || a || the difference between any real number a and
the nearest integer, taken positively, and we write

, ||| = max ([ ], -5 [[ & [])
for any point a.
We shall prove that the hypothesis (5) implies the existence, for suitable exponents 8, of
a positive integer m, depending only on #, «, #, with the following property: there exist
a non-zero integer point X and m linearly independent integer points y, ..., y™ such that
|x[ <P’ |y0] <P’ (7)
” 6B(X I y(r))r ” <P—3+2«9+6’ (8)

t The notation < or > indicates an inequality with an unspecified constant factor. Any number which
does not depend on P or on the y,; is deemed to be a constant.

26 Vor. 251. A.
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for r=1,...,m. Here J is a positive number which can be taken arbitrarily small, but is
independent of P. In the later application, § will be given values between about } and £.

The inequalities (8) can be regarded as a system of mn approximate linear relations
connecting the y;;;, and together with (7) these are of the form which is most convenient for
application later. The larger m can be taken, the more effective is the result. We shall
ultimately prove, in lemma 3-7, that m can be taken to be about n— 2«/f, provided that
1>0>4«k/n.

Although we are concerned primarily with the sum S defined in (4), it is important to
observe that the results apply equally if I'(x) is a non-homogeneous cubic polynomial. As
we shall see, any quadratic or linear terms in I'(x) disappear at the first step, in lemma 3-1.
We make use of this remark in lemma 4-3.

(6) We base the argument on an inequality for | § |* which is obtained by following the
first step of Weyl’s method for estimating exponential sums in one variable.

LemMA 3-1. We have
|S|t<Pr 3 3 TI min (P,||6B;(x|y)||).

[x|<P ly|<P j=1

Proof. We have
|$P= 3 3 e(I(@)-T(2)= 3 3 e(I'(z+y)—I(2)).

zin P@ %' in P@ zin P@ ¥ in P2
The box P# —z is contained in the cube |y | <P, by the supposition (3). Hence
1SPP< 3 | 3 e(l(z+y)—T(2) ],
lvi<p zin () o
where % (y) denotes the common part of P# and P#Z —y. This is itself a box, with edges less
than P in length.
Applying the same argument to the inner sum over z, we see that its square does not exceed

2 e(L(z+x+y)-T(z+x)—I(z+y) +I'(2))],

|x|<P zin 2(x,¥)

where #(X,y) denotes the common part of the boxes %(y) and #(y) —x. Plainly this is
again a box with edges less than P in length.
We have

Dz+x+y)—D(z4x)—T(z+y)+(z) = 6.;kyi,-kx,~ykz,-+¢ =62 B;(x]y) z;+4,
iJ, J

where ¢ is independent of z and all summations over ¢, j, k are from 1 to #. The well-known
inequalicy |Se()| < min (B, || 417,
where the summation is over any set of <P consecutive integers, gives

| 3 e(6XB;(x|y)z)| < IImin (P, || 6B;(x|y)||).

zin #(X,y) j Jj=1

Substitution in the previous result, combined with Cauchy’s inequality, gives the conclusion
stated.

‘We note that, as remarked in (a), any quadratic or linear terms in I'(x) would disappear,
since they would give rise only to terms independent of z in the second-difference expression
considered above.
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LemMA 3-2. Suppose (5) holds. Let N denote the number of distinct pairs of integer poinis X,y

saidying [x|<B,|y|<P ]| 6B(x|y) | <P )

Then N> P—4<(log P)~". (10)

Proof. Let N(x) dénote; for any x, the number of distinct integer points y satisfying (9),
so that N lxép N(x).

Let f(«) denote temporarily the fractional part of a real number a. Then, for any integer
point X and any integers 7y, ..., 7, satisfying 0<(r; <P, the inequalities

P-ir,<f(6B;(x|y))<P-'(r;+1) (j=1,...,n)

cannot hold for more than N(X) integer points y with each of y,, ..., , lying in some pre-
scribed interval of length P. For if ¥’ is one solution of the inequalities, and y denotes the
general solution, then
16B,(x|y=y) || <P (j=1,...,m),
and |y—Yy’ | <P. Thus the number of possibilities for y is at most N(x).
Dividing the summation over |y| <P into 2" parts, for each of which y,...,y, run
through intervals of length P, we obtain

P P
S TImin (P, ]| 6B,(x|y) ||-) <Nx) 'S ... S Hmln( P )<N( ) (Plog P)".
lyl<P j=1 rn=0 r,=0 j=
Applying this in the result of lemma 3-1, we obtain
|Sl“<P”(P10gP)"HE N(x),
X <P

and the conclusion (10) follows from (5).

(¢) We now recall some propositions concerning linear 1nequa11t1es which follow from
known results in the geometry of numbers. Let L,(u), ..., L,(u) be  real linear forms in
n variables «,, ..., u,, say

Li(u) = élaﬂcuk (G=1,...,n). | (11)

They need not be independent, and may even vanish identically. The inequalities
lu;| <A, |Liu)—¢| <4t (j=1,..,n) (12)

define, for any 4>>0 a convex body (a parallelepiped) in the 2z dimensional space in which
the co-ordinates are u, ..., u,, &, ..., £, Let My, ..., M,, denote the 2n successive minima of
this body, in the sense of Minkowski, relative to the 2z-dimensional lattice consisting of all
points with integral co-ordinates. We have

O<M <M,<...<M,,. (13)
The effectiveness of the theory of successive minima, in the present connexion, depends on
the linear forms Ly, ..., L, being symmetrical; by this we mean that the coefficients A;; in (11)

satisfy Lp=2; (I<j<k<n). (14)
26-2
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Lemma 3:3. Suppose that A > 1. For 0<Z<1, let U(Z) denote the number of distinct n dimen-
sional integer points 0 satisfying
lu|<Z4, ||L(u)||<Z4- (15)

Then, of the linear forms L,, ..., L, are symmetrical, and if 0<Z,<Z,<1, we have
U(Z)> (Z,/2)'U(Z,). (16)
Proof. We recall first some results proved in Davenport (1958). The first is that
M,<1<M,, ;. (17)

This is a deduction from a theorem of Mahler, and is conditional on the linear forms
L,, ..., L, being symmetrical. The second is an upper bound for U(Z). If Z<M,, the only
solution of (15) is u = 0, for by definition 4] is the least number such that the inequalities

lu|<Md, |L(u)—t|<M4"

have a solution in integers u,, ..., %, ¢, ..., ¢, not all 0. Thus U(Z) =1 for Z<M,. For
Z>M,, there exists g(1<g<n) such that

M, <Z <M, (18)
and it was proved in Davenport (1958) that
YA
U(Z)<M——~—1M2“%. (19)
The complementary inequality
Z8
U2)> ym, .0, (20)

is also true for Z> M, and its proof’is in fact rather simpler than that of (19). Let u®, t© be
the 7th minimal point for the body (12) in 2z-dimensional space, so that
| | <M, 4, | L(u®) €0 | <M, 4~ (21)

for r =1, ..., 2n. These points are linearly independent in the 2z-dimensional space. Con-
sider the points u in z dimensions given by

u=mub4 ... +mu), (22)
where m,, ..., m, take all integral values satisfying
|m, |<ig ' ZM7' (r=1,...,9). (23)
By (21), every such point satisfies
lu|<3Z4, |L(u)—(mtO+. . +mt9|<iZ47,

and so satisfies (15). Thus U(Z) is at least equal to the number of distinct #-dimensional
‘points u so obtained. If two of the points u coincided, then their difference, which is given
by (22) and (23) without the factor § in (23), would be 0. This would imply

| Mt 4 .. m @ | <ZA-,

and so mytD+ . +m, t@ = 0.
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But this, together with u = 0, would contradict the linear independence of the points u®, t@
in 2n-dimensional space. Thus the points u constructed above are distinct, and since the
numbers on the right of (23) are all > 1, we obtain (20).
The result (16) is now a simple deduction. Supposing first Z, > M,, we determine g as in
(18) for Z,;, and determine / similarly for Z,. Then A>g. By (19) applied to Z, and (20)
uz,) . 2z
ngl) <z

applied to Z;, we have .
<@
i1 M, ~\Z, < Z,

The possibilities Z, <M, <Z, and Z,<M, present no difficulty; indeed (19) and (20)
remain valid for Z< M, if one makes the convention that then g = 0.
(d) Lemma 3-4. Suppose (5) holds. Let 0 satisfy 0<8<<1. Let N, denote the number of distinct
pairs of integer points X, y (each in n dimensions) satisfying
|x|<P [y|<P [[6B(x]|y)||<P=3+%. (24)
Then N, > P6-4«(log P)~". (25)
Proof. We make two separate applications of lemma 38-3; in the first we regard the
bilinear forms B;(x | y) as linear forms in the variables y for each particular X, and in the
second we regard them as linear forms in the variables x for each particular y.
Let N(x) denote, as in the proof of lemma 3-2, the number of integer points y satisfying (9),
so that > N(x) > Pt-4%(log P)-". (26)

Izl<p

For each x we apply lemma 3:3 with u = y and with
L;(u) = 6B;(x]y).
The coefficients 4;; in (11) are given by
’ Ajp = 65=21 YVijkXis
and the condition (14) is satisfied. We take
A=P, Z =P Z,=1.

The inequalities (15) with Z = 1 are the same as the second and third inequalities in (9), so
that U(Z,) = N(X). The inequalities (15) with Z = P~1*% become

|y [<P’ [[6B(x]y)[| <P
denoting the number of solutions of these in y by N,(x), we have U(Z,) = N,(x). By (16),

N,(x) > P-r1-ON (x). (27)
Let N, denote the number of distinct pairs X, y of integer points satisfyingv
x|<P, |y|<P, ||6B(x|y)||<P-2". (28)
Then A =|x|z<1>Nl (X) > Prtno-4x(]og P)-n

by (26), (27).
Let Ni(y) denote, for any y, the number of integer points X satisfying (28), so that

2 Ni(y) = N> Prmo=4<(log P) " (29)

lyl<p?®
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For each y we apply lemma 33 with u = x and with L;(u) = 6B;(x | y). The condition (14)
is again satisfied. We take

A= P¥s-0, Z — p-la-0 7 — p-ia-o,

The inequalities (15) with Z = Z, are the same as the first and third of (28), so that
U(Z,) = Ni(y). The inequalities (15) with Z = Z, become the first and third inequalities of
(24), and denoting the number of solutions of these in X by N,(y) we have U(Z,) = N,(y).
B 16 ’ \

y (16), N,(y) 5 PO (y).
Finally, we have

Ny = 3 No(y)> P00 3 Ny(y)>P#=*(log )™,
[y|<p? [y|<p?
by (29). This proves the desired result.
It should be noted that the result (25) is of no value unless 216 —4«x>n0, for the trivial
solutions of (24) with X = 0 or y = 0 are in number > P". ’

(¢) Inlemma 3-4 we have established the existence, under the hypothesis (5), of a sub-
stantial number of pairs X, y of integer points satisfying (24). We now wish to select from
them as many pairs as possible with a common X and with various points y that are linearly
independent. Itis easy to prove that we can find as many as n— 4x/f such pairs, but we shall
improve this to n—2«/6.

The problem just stated can be formulated in general terms as follows. Suppose there
is a law of association between certain integer points X and certain integer points y, of
a symmetrical nature. Suppose we know a lower bound for the number of pairs of associated
integer points satisfying | x | <P?, | y | <P?. For how large a value of m can we assert that,
among these points, there is one point X which is associated to m linearly independent
points y? In the present case, the association is prescribed by the inequality

|6B(x|y) || <P+, (30)

and in the subsequent work we make use of the fact that this association is almost linear in
x and y separately. In particular, if X, y’ are associated and X, y” are associated, then
X, y' —y” are almost associated, in the sense that they satisfy (30) if a factor 2 is inserted on
the right. Such a factor, provided it has to be inserted only a bounded number of times, is
harmless, and in effect our law of association can be regarded as linear.

We base the investigation on the following elementary lemma, which is essentially an
instance of Dirichlet’s compartment principle.

LEMMA 3-5. Let % be any set of at least T distinct integer points'y in the n dimensional cube
|y | <Y, where Y>1 and T>1. Suppose there are at most m linearly independent points in the set ¥ .

Then T<¥m, | (31)
Further, if W is a positive integer satisfying 1 <W<T, there exist W distinct points in ¥, say
y(l), ...,y(w), such that I y(l)_y(w) I < YWl/mT__l/m (32)
forw=2,...,W.

Proof. Since both the conclusions are weakened by increasing m, we can take m to be
precisely the maximum number of linearly independent points in %. We shall suppose that
m<n; if m = n the proof is similar but simpler.
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By the definition of m, there exist n—m independent homogeneous linear equations
satisfied by the co-ordinates y,, ..., y, of every point in #. Let one of them be
Py, + ... +ally, = 0;
we can suppose without loss of generality that
[P [ =[P ] (2<j<n).
A second 1ndependent linear equation can always be taken in the form
ARyt LoDy, = o,
and we can suppose without loss of generality that
|2 | =] (3<j<n).

Continuing in this way, we obtain n—m such equations, and they express y,, ..., ¥,_,, as
homogeneous linear forms in y,_,.1, ..., ¥, with bounded coefficients. o

~ Since there are at most 2Y4-1 poss1b111t1es for each of y,, mibs e Y and these determine
Y1 --e» Y the estimate (31) is obvious. '

. To prove the second result, we take L to be the greatest positive integer satisfying
WLm< T. Divide each of the intervals

—Y<y;<Y (n—m<j<n)

into L equal parts. The set # falls into L™ parts, and one of these must contain at least W
distinct points. Denoting these points by y®), we have

,y}l)_yj(w) , <2Y/L (n_m<]<n)

forw = 2,..., W. The points y(¥ —y®), though not necessarily in &, satisfy the n—m homo-
geneous linear equations described earlier, and consequently o

|y —y@ | <YL (1<j<n)

for w = 2,..., W. Since L> (T/W)!m we obtain (32).

( f ) DEFINITION. Let n,k,0 (0<0<1), 8(>0) be given independently of P, and suppose that
nf > 4«. Define m to be the greatest positive integer with the property that there exist a non-zero integer
point X and m linearly independent integer points yV, ..., y™ such that

| x| <P, |yO <P, ||6B(x,y0) || <P-3+20w (33)

Jorr =1, ...,m. Note that these inequalities are the same as (24) except for the last exponent,
which has been increased by & (to allow for the fact that the association between X and y
defined by such an inequality is not precisely linear). Note also that the existence of m(>1)
is ensured by the condition 7nf>4«, for there exist X+0 and y + 0 satisfying (24), and
a fortior: (33).
In what follows, ¢ denotes an arbitrarily small positive number, independent of P.
Lemma 3-6. Suppose that ‘

0<E<l, 0<y<l, O0<BLP-3+26+3, (34)
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Suppose there exist more than P+ distinct pairs X, 'y of integer points, neither of them 0, which satisfy
|x| <P, |y|<Pr, [[6B(x|y)|l<B. (35)

Suppose that A>né, A>my. (36)

Then A<n§+my. (37)

Further, there exist more than P distinct pairs of integer points, neither of them 0, which satisfy
|x|<P%  |y|<Pr@om  ||6B(x|y)||<2B. (38)

Proof. Let T(x) denote, for each x + 0, the number of integer points y + 0 satisfying (35).
We apply lemma 3-5 to this set of points; in doing so we can take 7 to be the number defined
above, since the inequalities (35), with (34), imply (33). It follows from (31) that

T(x) < Pm. -~ (39)
By hypothesis, ‘ Iz eT(X) > PAe, (40)
X| <P

whence PA*¢ <€ Pré+mi, giving (37).
Let ¢ be a positive constant such that T(x) <¢P™. For r =0,1,2, ... let X, denote the
number of integer points X + 0 in | X | <P* for which

P21 T'(X) <cPm™ 27, (41)
It suffices to take <log P values of 7 to include all x for which 7(x) >1. By (40),
> cPm127r X > PAte,

Hence there exists a value of 7 for which

P27 X, 3 PAe(log P)-L. (42)
Define p by Pr — pmi=teg-r,
so that p<my—3e. By (42), X, > PA-ptde, (43)

and since X, < P trivially, it follows that p>A—nf+ {e. Note that the exponent in (43) is
positive, since A >mn > p.

We now have X, integer points X + 0, to each of which there correspond 7(x) integer
points y # 0, such that the inequalities (35) are satisfied by each pair x, y. We apply to the
set of points y (corresponding to a particular x) the second part of lemma 3-5, with

Y="P1, T=T(X)>Prtle, W=[Pr-A+nf] ], (44)

The condition 1<W<T(x) is satisfied, since 0<<A—nf<p. It follows that there exist
W distinct points y in the set, say y&, ..., y), with the property that
| yO—y® | <P Plo-A+ndimP=(p+1olm — Pr-QA-ng)m—teim

forw = 2, ..., W. Hence to each of the X, points X there correspond W —1 distinct integer
points y + 0 satisfying |y |<Pr-0-mdim, || 6B(x |y) || <2B.
All the resulting pairs X, y satisfy (38), and their number is
(W_ 1) X’r>Pp—/\+n§P/\—p+%e — Pn§+%e,
by (43), (44). This completes the proof.


http://rsta.royalsocietypublishing.org/

JA '\

Y |

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

%

A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

CUBIC FORMS IN 32 VARIABLES 209
LemMA 3-7. Let n,k,0 (0<0<1),8(>0) be fixed independently of P, and suppose that
nd > 4x. (45)

Then, under the hypothesis (5), we have
m=n—2«/0. (46)

 Proof. The argument is based on repeated applications of lemma 3-6. We can suppose
that m < n, since otherwise (46) holds.
We first apply lemma 3-6 with

§=0, p=0, B=P3%, (47)

so that the inequalities (35) become the same as (24). By lemma 3-4, these inequalities have
more than P2?-4-¢ solutions, and this remains true if we count only solutions with both
X # 0 and y + 0, since the number omitted is <P and nf <2nf —4x—e by (45) if ¢ is suffi-
ciently small. Thus, in lemma 3-6 we can take -

A = 2nf — 4k —2e. (48)

The first of the hypotheses (36) is satisfied, by (45), and the second is satisfied a fortiori since
¢ = pandm < n. Hence (37) holds, and we also obtain a result about the number of solutions
of (38).

This result provides the basis for a second application of lemma 3-6. It is convenient to
interchange x and y in (38) before proceeding Thus, putting |

E=n1—QA—nf)fm, 7, =E B —2B, A\ =nE—e, (49)
the result in question is that the 1nequa11tles
Ix|<pPs, |y|<Pn, |[6B(x|y)|<B, (50)

have more than PAi*¢ solutions with X 0, y + 0.

The first of the conditions corresponding to (36), namely A,>né,, is equivalent (since
£ = 1) to A—n&>me/[n, and is satisfied by (45) ife¢ is sufficiently small. The second condition,
namely A; >my,, is satisfied since n>>m. Hence lemma 3-6 is applicable a second time, giving

Ay <nk, +m”l

and giving further a similar new starting point with numbers s M9y By A,
The process (as long as it can be continued) is inductive: at the general stage we obtain

A <ng,~+mn,, (51)

and we get new numbers £q+l’ nq+1, B, 1,441 given by
ge1= —nk)[m, Mg =§&, By =28, (52)
Ags1 = nk,—e. (53)

"The process continues as long as the conditions corresponding to (36) are satisfied. We shall
limit ourselves, however, to a number of stages which is bounded independently of P; this

ensures that B, - 24B — 9ap-3+20 < P-3+20+3,

and consequently the inequalities satisfied by x and y at each stage imply the inequalities
(33) used in the definition of m.

27 Vor. 251. A,
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We shall now prove that the process can be continued for any prescribed number of
stages (the number being independent of P) provided ¢ is sufficiently small. We note first that,

by (52) and (53), §q+1 = gq—l“‘(ngq—l—‘?’“”gq)/ma
that is £ —Eqr1 = 0(Eg—1—E,) —¢lm, (54)
where 0= —1+n/m>0. (55)

Since { —&,> 0 it follows by induction that §, —£,,,> 0 for any prescribed number of stages,
provided ¢ is sufficiently small.
The conditions corresponding to (36) which must be satisfied for the step from ¢ to ¢ +1

are Ag>ng,, A, >my,.
The former is equivalent to
ngq—l _€>n(”q—l - (Aq—l _ngq—-l)/m))

m(Eg-2—E4-1) <n(§g_y—E;-1) —€(m+n)/n.
Since £,_,—§,-;>0 and m<n—1, this is satisfied if ¢ is sufficiently small. The second

condition is equivalent to ni e>mi
g-1"" q—1°

and is satisfied if ¢ is sufficiently small.
By induction from (54), we have

gq_§q+l = w1(§—§;) —K(q) ¢,
where K(q) is independent of ¢. By summation,
E—Ep1= (1to+o?+...407) (E-&)—Ki(g)e
with a similar meaning for K,(q). Since £,,,>0 by (51) and (52), we have
E>(1+o+...+o7) E-&) —Ki(g)e.

Since {—¢, = 7—&; = (A—nf)/m>0 by (49) and (36), this relation cannot hold for large ¢ if
w=1. If w<1, so that w<<1—1/m by (55), then on taking ¢ sufficiently large and ¢ suffi-
ciently small we obtain

£2(1—0)™ (—£) = (1—0)™! (A—nf)/m,
whence (2m—n) E=A—nk = 2n0 — 4k — 2 —nk
by (48), and since { = 6§ this gives (46).

and so is equivalent to

4. TWO PARTICULAR TYPES OF EXPONENTIAL SUM

(a) We now apply the results of §3 to two types of exponential sum. Both types are
defined in terms of a fixed cubic form

CO(x) = Cxy,.o0%,) = 3 2 2 Cijp XX Xy ‘ (1)

)

with integral coefficients, which we suppose not to represent zero. The first type is simply the
sum $ of § 3 with I'(x) = aC(x), where « is a real number. Thus the sum in question is

S@) = 3 e(aC(x)), (2)

Xin P#
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where # is a fixed n-dimensional box and P is a large positive integer. We shall obtain
estimates for | () | depending upon suitable rational approximations to .

The second type of exponential sum is purely arithmetical in character. Let a, ¢ be
integers with (a,¢) = 1 and ¢ > 0, and let1 = (I, ..., [,) be a set of n integers. Then the sum
in question is

Sugll) = Se (S0 A e tht), (3
where the summation for x,, ..., x, is over n complete sets of residues (mod ¢). A particular
case of the sum is Sy = Sa,(0). (4)

The estimates obtained for both S(a) and S, (1) will be of a conditional character; they
will be proved on the supposition that C(x) does not split in the manner defined below.

(b) We recall that a cubic form C(x,, ..., x,) is said to represent a cubic form C'(uy, ...,u,),
where s<n, if there exist z linear forms in s variables, say

s
x; = Ell?auz (1<i<n),
{=

with integral coefficients and with rank s, such that
Clxyy.oyx,) = C'(uyy ... u,)
identically. It is plain that if C does not represent zero then neither does C’, for
¥ =..=x,=0 implies # =..=u=0.

DEFINITION. A cubic form C(x,, ..., x,) will be said to split with remainder m if it represents

a form in m—+1 variables of the type
agud+Cy(tgy onoythy,). (5)

Lemma 4-1. Let C(x,, ..., %,) be the cubic form (1), and lett
Bi(x|y) = ;%ijxﬂk Jor j=1,..,n

Suppose there exist a non-zero integer point Z and m linearly independent integer points y9, ..., ym,

where 1 <m<n, such that .
Bj(Z[y(')) =0 for 1<j<n, 1<r<m. (6)

Then m<n—1 and C(X) splits with remainder m.
Proof. Suppose first that z is linearly dependent on y&, ...; y™, so that

z =0, yV4...4v,y™
for some rational vy, ...,v,. This, of course, must be so if m = n. Then (6) implies that
Bj(Z l Z) = O, but then C(Z) _ ZZij(Z l Z) — 0,
J

contrary to hypothesis.
We can now suppose that z, y, ..., y@ are linearly independent. Thus the linear forms

%= Uz yP 4,y (1<i<n)

t There is a minor inconsistency of notation compared with §3; the two meanings given to B;(x|y)
differ by a factor «.

27-2
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have rank m-1. In the resulting cubic form in u, «,, ..., ,, the coefficient of u3u, is
322 Iczcijkzizjygcr) =33 2;B;(z l y(r)) =0
i g E J
for 1 <r<m; and the coefficient of Uy, us 13 3 or 6 times
2 g, % CrZi Yy Y ——Z Y B;(z|y9) = 0
i . j
for 1 <r<m, 1<s<n. Hence the cubic form in u,, 4y, ..., u, is of the type (5), as asserted.
(¢) Let ¢ be a small positive number, independent of P, as in § 3 (f).
LemMA 4-2. Let k and 0 be fixed numbers satisfying
0<i<l, (7)
0<4k<nd. (8)

Let C(X) be a fixed cubic form with integral coefficients which does not split with remainder m, where m is
the least integer satisfying m=n—2«/0. 9)

Then, for any real a, either | S(a) | <Prx, (10)

or there exists a rational approximation a'|q’ to a satisfying
l<q'<P20+§, (11)
|a—alq | <q P50, (12)

Proof. Suppose (10) false, so that the hypothesis (5) of §3 holds. The hypotheses of
lemma 3-7 are satisfied. By that lemma and the definition of m in § 3 (f), there exists an
integer m satisfying (9) with the following property: there exist a non-zero integer point X
and m linearly independent integer points y, ..., y™ such that

| x| <Pl |y?|<Pl ||6aB(x|y®)]||<P3+20+3, (13)

forr =1, ...,m. The inequalities (13) are the same as (33) of § 3 but with B replaced by B,
corresponding to the fact that I'(x) = aC(x).
It is impossible that
Bj(XIyW) =0 for j=1,..,n; r=1,...,m,

for then, by lemma 41, C(x) would split with remainder m, contrary to hypothesis. Thus for
some j and some 7, B;(x | y®) is a non-zero integer. The last of the inequalities (13) gives

| 60B;(x | y0) —¢t | < P-3+20+8

for some integer £. Take a’/¢q’ to be the rational number 1/6B;(x | y®) reduced to its lowest
terms. Then | ga—a’ | <P-3+20+0

and. 1<¢'<6|B;(x|y?) | <P¥

by (13). Thus a’/q’ satisfies (11) and (12).
It should be noted that lemma 4-2 cannot yield any useful information unless ¢ is taken to
be less than $; for if 6> %, every a has a rational approximation satisfying (11) and (12).
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Lemma 4-8. Let C(X) be a fixed cubic form in n variables with integral coefficients which does not
represent zero. Let k be a fixed number satisfying

0<k<gn. (14)
Suppose C(X) does not split with remainder m, where m is the least integer satisfying
m=n—4x. (15)

Then | S,,(1) | <gm* (16)
Jor all, a, q, 1 subject to (a, q) = 1. .

Proof. As remarked in §3(a), the presence of the linear terms (/;x;+...+/,%,)/q in the
definition of §,, (1) does not affect the results of § 3. Thus S, , () is essentially the same as the
sum () with the specializations « = a/g and P = ¢, and with the box # taken to be
0<x;<1, so that the summation over PZ is over 0<x;<¢. Plainly a/q cannot have any
rational approximation satisfying (11) and (12) if we take ¢ = 1(1—J), and then the last
alternative in lemma 4-2 cannot occur. The condition (8) of lemma 4-2 is satisfied if § is
sufficiently small, by (14). The condition that C(x) does not split, with remainder m satis-
fying (9), also holds if § is sufficiently small and 6 = (1—9).

If g is sufficiently large, lemma 4-2 is applicable and gives the desired result (16). If, on the
other hand, ¢ is bounded in terms of z, « and the coefficients of C(x), the estimate (16)
asserts no more than the trivial estimate | S, (1) | <¢". This proves the lemma.

(¢) The general nature of lemma 4-3 is at first sight a little strange. The sum §, (1)
depends only on the coefficients of C(x) and the numbers 1 to the modulus ¢, whereas the
splitting of C(x) is an absolute property. It would appear more natural to have the estima-
tion of S, (1) related to some property of C(xX) relative to the modulus ¢. But it will be seen
that we have taken C(X) to be a fixed form, independent of ¢, and this explains the apparent
anomaly. (What we actually supposed, when estimating | B;(x|y®) | in the proof of
lemma 4-2, was that the coeflicients of C(x) are absolutely bounded.) It would be of interest
to have an effective estimate for S, (1) which was related only to the properties of C(x)
modulo q.

5. APPROXIMATION ON MAJOR ARCS

(a) Let C(x) be again a fixed cubic form in 7 variables, with integral coeflicients, which
does not represent zero. We now study the sum S(«), defined in (2) of §4, for values of «
tisfyi
satistying |a—alq|<q'P~, 1)
where (a,q9) =1, 1<q<P (2)

These values of « will include the ‘major arcs’ in the subsequent applications of the Hardy—
Littlewood method in § 8. We write f = a—a/q.
In the present section, it is convenient to denote the box P%Z which occurs in the definition

OfS(Ot) bY Aj<xj<Bj (]= 13"‘7”): (3)

and to suppose that 4;—3, B;—} are integers. The aim, as usual in this connexion, is to
approximate to S(a) by .
7 "Sa,g1(B)s (4)
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where S, is defined by (4) of § 4 and where
By By
10 =" [ (O - 6) .. . (5)
A An

The technique used is an extension to z variables of one employed by Hardy and Littlewood
themselves for sums in one variable.

(b) We define ¢,(§) for real by

B GRS G (6)
and have nie) = - 3 S, (7

where the accent indicates that [ = 0 is omitted and that the terms /, —/ are taken together.

We define ¥, (£), ¥5(£),... b
hE) = —¥n®, [ pOE=0, (®

— (—1)r+1 5/ _ﬁ_(_lé)_.
and have ’ ¥ (€) = (—=1)* lzw (2mil)~+1* (9)
LemMA 5-1. Let A and B be non-integral real numbers satisfying B> A. Let f©)(§) exist and be
continuous for A< ESB. Then

IO WG SR AGHIG) = H W ANGYAGL S

A<x<B
Proof. Landau (1927, Satz 331), with a trifling change of notation.
LeMMA 5-2. Let g be a positive integer and let z be an integer. Then, with the hypotheses of
lemma 5°1, we have
B s—1
RO WGE e P C= VIO el AN S VLG E Y

A<x<B
x=z(mod g)

Proof. Put fo(n) =f(qn+2), 4y = (4—2)/q, By = (B—z)/q and apply lemma 5-1 to the
function f;(7) in the interval 4,<y<B,,.
(¢) We shall first approximate to the sum S defined by
§= 23 e(pC(x), (12)

Aj<x;<B,
= el z({nodlq)

and we shall do so by making 7 successive applications of lemma 5-2, one for each variable of
summation. It will be convenient to denote by d; the operation of partial differentiation with
respect to £, for j = 1,...,n. All the applications will be made with the same value of s; we
choose s to be the least positive integer such that

s§>n. (18)
Thus s is fixed and independent of P.

LemMma 5-3. Suppose that 0<h;<s (j=1,...,n). Then, for 4;<§;<B;, we have
‘ahn ahne (ﬂC |<<(q—1p—8) 1heethn, (14)
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Proof. Let h = h;+...+h,. Itis easily proved by induction that the explicit expression for
o ...05m e (PC(8))
is of the form {£MD,,+ 11D, _s+f472D,, ¢+ ...}e (BC(E)),

where @, denotes a homogeneous polynomial of degree r in &, ...,§,, and the series ter-
minates with the last such polynomial of non-negative degree. Since | ®, | <P7, the above
expression is majorized by

(q—lP—Z—ﬁ)hP2h+ (q—IP—2—8)h—IP2h—3+ . < (q—lP—é‘)h’

since ¢< P'-%, Hence the result.
LemMmA 5-4. The sum (12) differs from

q—nfj'.,.fj"e(ﬂc*(gl, £ dE, ... dE, (15)

by the sum of a bounded number of expressions of the kind typified below, together with an error term
which is _
0(g™).

The typical expression is

qr—n+h1+...+hr .‘/-hl(Bl ;zl) . whr(Br'q—zr)

By +1 B,
) [T e (BOBy s By o)) ey oy (16)

Ar+1 An

where 1 <r<n,and hy, ..., h, can each take any of the values 0,1, ...,s—1, and any or all of B,, ..., B,
may be replaced by the corresponding A.

Proof. Lemma 5-2 expresses the operation of summation over x;, subject to x;=z; (mod ¢),
as equivalent to the sum of three other operations. The first is integration over £;, with
a factor ¢~1 prefixed. The second is the formation of a linear combination of the values of the
summand and its derivatives at the end points 4;, B;. The third is an integration involving
the sth derivative of the summand.

Consider first those expressions which arise from various choices (in each of the z applica-
tions of the lemma) made from the first two operations only. Ifintegration is selected every
time, we get the principal expression (15). If integration is selected n—r times, say for the
variables £, ..., &,, and if end-point values are selected in the other r applications, we get
an expression of the form (16), where r has one of the values 1, ..., z.

Consider next those expressions which arise when the third operation is selected at least
once. Take for simplicity the case in which the third operation is selected for £, and the first
operation for &,, ..., £, giving

O £1—21) o,
o[ [ () g (B0 ) dy o
By lemma 5-3 and the fact that ¢, _, is bounded, this has absolute value

< qs—npn(q—lp—8)s < q—n.
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Take next the case in which the third operation is selected for £, and the second operation for
£95 ..s &y giving an expression of the form

& —z B,—z B, —
qs_l+h2+"'+h"fA Voo (gl 7 1) ¢h2 (»____29 2)...¢hn( * q Z,,)
x 0§ 0% ... 0Mme (BC(E,, By, ..., B,)) d§;.

This is majorized by
qs—1+hz+...+hn P(q—lP—8)3+h2+...+hn < q- 1p1-sé < q—-lPl—n & q—n_

It will now be seen, from the structure of these estimates, that the other possible cases are no
less favourable. In fact, if the first operation is chosen x times, the third operation v times
(v=1) and the second operation n— g —v times, the estimate for the resulting exvression is

q-,uP,uq(s—-l)VPv(q—lP—ﬁ)sv — q—-u—vP/H-v—é‘sv < q~,u—vP,u+v-n &£ q—n.
This proves the result.

(d) For 1<r<n, and any integers 4y, ..., %, and any B, ..., B, which differ by § from
integers, we define

g 7 [a - (By—z, B.—z
= - r——TJ. 1
Ty ook = 3 - S e (20 v (P 72 (P 77) (17
LemMmA 5-5. Suppose that
| Ty oo hy) | < T (18)
Jorall by, ..., h, satisfying 0<h;<s (1<j<r). Then, if (1) and (2) hold, and f = a.—a/q, we have
Sla) = g7, L(F) + O(T(P[g)*~") +O(1). (19)

Proof. We have
S(a)zﬁi...ie(iq’qz)) S .S e(fOx)).

z21=1  zp=1 A1<x1<B; An<xy<Bp
%=z (mod @) xp=z,(mod q)

We substitute for the inner sum from lemma 5-4. The principal term gives ¢7"S,, ,I(f).
The error term O(¢™") in lemma 5-4 gives O(1). It remains to consider the result of substi-
tuting the typical expression (16). This result is

g " T (hyish,) I,
Br+

e are (BC(B)) A, . dE,

Ar+1 An

where I = qh1+.,.+h,f

By lemma 5-3, we have
| I,_, | € gt Pror(g=1P=8)ut.ths

< Pn—r.
Hence the resulting contribution to §(«) is
<T(Plg)""<T(Plg)"",
since r>1. This completes the proof.

LemMmA 5:6. Let C(X) be a fixed cubic form in n variables, with integral coefficients, which does not
represent zero. Suppose that n>>2, and that « is a fixed number satisfying

0<k<<fn. (20)
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Suppose that C(X) does not split with remainder m, where m is the least integer satisfying
m>=n—4k. (21)
Then, subject to (1) and (2), we have
S(a) = g8, L) + O(Pr~1q' ~*(log g)*). (22)
Progf. By lemma 5-5 it suffices to prove that
| T(kys - hy) | < g7*(log g)". (23)
By (9) we have ‘!", e(lf
where R <
2] h+lug||<q el
Hence v (B %) — (1 S (amil)-h-te (l(B z)) +R, (24)
q I=—q" q -
where |R'|<q'™,

since B—z is half an odd integer.

Substitution in the definition of T'(k, ..., 4,) in (17) gives for the main term (apart from
a constant factor)

- i:, [ym=1.. [-W1F e (gC(z) +ll(Bl —z;) o +lr(Br—zr)) ’
h=—q" Y=—q" ] q q q

where the summation for z is over complete sets of residues (mod ¢) for each of z,, ..., z,. The

inner sum above is S, (=l ey —1,0, ..., 0),

apart from a factor of absolute value 1.
It follows from lemma 4-3, in view of our hypotheses, that the last sum has absolute value
< ¢"*. Hence the above principal part has absolute value

n n

<P S LS G

h=—q" lL=—q¢"
<g"*(log g)" <g"~*(log g)".
As regards the remainder after multiplying together 7 formulae of the type (24), if we take

the error term in one formula and the principal term in the other r—1 formulae, we obtain
a result which is .

<Z DI a2

L==q" p r=—q"
<q(logg)~' <g*(log q)",
since n>>2. The result of taking more than one error term is plainly better. This proves (23),
and hence the result.
6. THE CHOICE OF INTERVALS

(a) So far we have imposed two conditions on the box PZ occurring in the definition of
S(«) in (2) of § 4. The first is that the box 4 itself shall satisfy (3) of § 3, but this is unimportant.
The second is that the box P# shall be of the form given in (3) of § 5, where 4;—§ and B, —
are integers.

28 Vor. 251. A,
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There is a more important condition which has to be satisfied by the box % ; we have to
ensure that the density of the real solutions of C(x) = 0 with X in # is not abnormally small.
The aim of this section is to satisfy such a requirement by taking # so that it contains
a suitable non-singular real solution of C(x) = 0. ,

We recall that I(f) was defined in (5) of § 5, and the definition can be restated as

18) = Pr| e (pPC(8)) c. M)
g _ pnf sin2muP3C(E)
Thus, for x>0, f RGLES f e 4%
whence f * 1) dg = Pr-3J(PH), @)
—H
[ sin2ngC(E)
where J(g) = f R (3
The precise requirement which we wish to satisfy is that
 lim J.
lim J(9)

shall exist and have a positive value. ,
(b) LEMMA 6-1. There exist real numbers &, ..., &, such that

C(,,...,5) =0, (4)
£1+0,...,8,+0, ()
IC/IE, + 0. (6)
Proof. For any ,, ...,§, the equation (4) is of the form
einéi+8FEE+38GE +H =0, (7)

where F, G, H are respectively linear, quadratic and cubic forms in &,, ...,§, with integral
coefficients. Since we suppose that C(x,, ..., x,) does not represent zero, we have ¢,;; =0 and
H = C((0,¢§,,...,&,) is not identically zero.

Since (7) is a cubic equation in £, it has a real solution for any &,, ...,£,. The condition
£, + 0 is satisfied if H+ 0. The condition dC/d¢, + 0 is satisfied provided D # 0, where D
denotes the discriminant in £, of the equation (7). We note that D cannot be identically zero
in,, ..., §,, for if so there would exist an identity of the form

Cys - 6) = cn(61—¥)* (61— %)s

where ¥, x are rational functions of§,, ..., £, with rational coefficients, and then the equation
C(#y, ..., %,) = 0 would have a non-zero rational solution, contrary to hypothesis.
Thus it suffices to choose any real §,, ...,£, which satisfy £, #0, ...,£,+0 and

H(,, ...,E) €0, D(,,...,E,) *0.
This is obviously possible.
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Lemma 6-2. Let £F, ..., 8% be real numbers satisfying the conditions (4), (5), (6). If pisa
sufficiently small positive number, and if & is a box of the form

E<g<g (1<j<n), (8)

where EF—p<f<EF<f <EF+p, (9)
then the function J () defined by (3) satisfies

iif;J(m = Jy>0. (10)

Proof. We can write
C(8*+n) = 5,4+ cono+ ...+ 6,7, + By (n) + Py(n),

where we have taken the coefficient of 7, to be 1, as we can do without loss of generality in
view of (6). If p is sufficiently small. and | 0| <p, the equation

C(g:lle+”1, 3£:‘+”n) = {

implies | { | <o, where ¢ is small with p. Further, this equation will have a unique solution
for 7, in terms of 7,, ..., 7, and {, the solution being of the form

m={—cnp—... —Culy+ O 125 -5 7).

where @ is a multiple power series in which all terms are of degree 2 at least. This power
series is absolutely convergent for

[8l<o, |ml<p,..; |ml<p. (11)
WC have %% = 1+(Dl(€’ Noy oouy 7711),

where @, is a multiple power series with no constant term. We can suppose that | ®, | <} in
the region (11).

By (3), J(g) = f . Sin:g?gg(i*n';ﬂ) dn,

where #' is a box of the form —pj<7n;<p} and 0<p;<p, 0<p; <p. Making a change of
variable from 7, to {, we obtain

in 2
J($) =f;-lﬂ;é@‘:{l + @ (8, 75 -5 7,y AL d7p..d1p
where £ is the n-dimensional region defined by

|€I<0', —p.;<771<p1” (2<J<n)’ “‘,01<€—02772—..-'—C,,fl,,+(b(c,72,...,7],,) <P,{-

Let #({) denote the (n—1)-dimensional region in the space of 9, ..., 7, defined by these
inequalities for a particular value of {, and let

V() = j IS (AN L (12)
Then J@) = " 2EE e

28-2
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Itis plain that, if p is sufficiently small, the integral V({) will be continuous and of bounded
variation for —¢ <{<o. Hence, by a classical result, the limit of J(¢) as ¢ — o0 exists and has
the value V(0). By (12), V(0) is an integral over the (n—1)-dimensional region defined by

—pi<m;<pi (2<j<n), —pI<—Cally— .~ Ty + D0, 75, ...y 7,) <1,

and the integrand is greater than }. Since the region includes some n— 1-dimensional cube
round the origin, we have 7(0) >0, and this proves the result. .
(¢) We can obviously take £1,&1, ..., &, &, to satisfy (9) and to be of the form

(g aj " bj
§=an S=2N

where N is a positive integer and g;, b; are odd integers. The condition (3) of § 3 is satisfied if

x; =&, &) = £, in view of (9), since p is small. The box P#Z will be of the form postulated

in (3) of §5 provided Pg;, P¢] differ by § from integers. This will be so if P is an odd
multiple of &, and henceforward we impose this restriction on P.

7. THE SINGULAR SERIES

(a) LetC (xy,...,%,) be a cubic form with integral coefficients which is non-degenerate in
the sense of § 2. Let ”
Sug = Ze(50) (1

as in (4) of § 4, the summation being over n complete sets of residues (mod ¢). The singular
series which is relevant to the problem of representing zero by C(x) is

@ q
€ = nS ..
qgl agl 1 “4 (2)
(a, q)=1

We shall suppose throughout this section that
|80, €722 (3)

for some fixed positive d; this plainly ensures the absolute convergence of the series (2). In
the applications later, the verification that (3) holds will be based partly on lemma 4-3 and
partly on classical results for sums in one variable. »

The following results are well known in the classical case when C(X) is a sum of cubes, and
the proofs given then, for example in Vinogradov (1954, chapter 11), remain valid under the
present more general circumstances.

LemMMA 7:1. We have & = TIx(),

)
where the product is extended over all primes p and

o pt
x(p) =1+ I.Z:l agl 2784, pie

(a,p)=1

LemMA 7-2. We have x(p) = lim p===DM(p?),
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CUBIC FORMS IN 32 VARIABLES 221
where M(p”) denotes the number of solutions of the congruence
C(xy, ..., %,) =0 (mod p*)
with o<y <p’ (j=1,...,n).
(b) We can now prove the one result that will be needed concerning the singular series.
Lemma 7-3. Suppose that n > 10 and that C(x,, ..., x,) is non-degenerate. Then

S>0.

Proof. By lemma 2-8, the form C(x) has the property & (#!) for some /. By lemma 2-3, this
implies that M(p2-1+9) > pla=1
for every positive integer v. Hence
M(p)> Ay

for all sufficiently large v, where 4, is a positive number depending on p. Thus, by lemma 7-2
above, we have 1(p) =4,

Furthermore, by lemma 7-1 above and the hypothesis (3), we have
|x(p) —1| <<l§lﬁl/’_l"ﬂ("_2'8) <p7'C.

Hence x(p) >1—Bp~1-4,
where B is independent of p. ‘
Choosing p, suitably, we obtain
E={11 AHII (1—Bp'=)}>0.

JAS 73

8. SYNTHESIS

(a) Let C(xy,...,x,) be a cubic form with integral coefficients, and suppose that n>32.
As explained in § 1, the proof is effected in a number of stages. We prove first, under the
heading [n; 0], that if C(x) does not represent zero then itsplits with remainder n—8, that is,
it represents a form of the type

C,(xla tee xn-s) +d1]/%
Putn) = n—8. Under the heading [#,; 1] we consider the last form de novo, and prove that if
it does not represent zero then C’ splits with remainder n; — 6. The process continues under
further headings until finally it suffices to prove, as we do under the heading [z,;7], that

a form of the type Ayt ...+ dyyl

always represents zero.

The proof at each stage is based on the Hardy-Littlewood method, and the dissection of
an interval of integration into ‘major arcs’ and ‘minor arcs’ is made in the same way
throughout. For any integers 4, ¢ satisfying

1<g<P%, 1<a<gq, (a,9) =1, (1)
we define the interval 0, , to consist of all real « satisfying

|a—alg|<g'P~22. (2)
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It is almost immediate that two intervals, corresponding to different pairs a, ¢ satisfying (1),
do not overlap. Further, all the intervals9t , , are contained in an interval I of length 1, for
example the interval from P~2-¢ to 1+P-2%, We denote the remainder of the interval I,
after the removal of all the intervals Mt , ,, by m.

(b) The case [n; 0] ,
We choose a box # as in § 6 (¢) and define S(a) by (2) of §4. Then the number #'(P) of
integer points X in the box P# which satisfy C(x) = 0 is given by

H(P) = f S(a)do,

and dissection of the interval of integration gives

H(P)=33 [, S()dut fmS(a)da, (3)

where the summation is over a, ¢ satisfying (1).
We suppose that C(x) does not split with remainder n—8, since this will be the case
considered under the next heading. ’
To estimate the last integral in (3), we appeal to lemma 4-2. We use various values of f in

the range ‘ 1(1—38) <0<}, (4)
and for each # we define « by k =3$6(1—9). (5)

The condition 4k <nf is equivalent to n>>18, and is satisfied. The inequality (9) of §4
becomes m=>n—9(1—4), i.e. m>n—8, and the condition that C(x) does not split with
remainder m is satisfied. It follows from lemma 4-2 that, for any real a, either

a. q

ROIES it (6)
or there is an approximation a’/q’ to « which satisfies
1<q <P¥+, |a—d'[q |<q ~1P-3+20+, (7)

If a is in m, the latter alternative cannot arise when § = (1 —34), for then a’, ¢" would
satisfy (1) and (2), and @ would beint . ... Hence (6) holds for allain m when § = §(1—39).
For other values of § in the range (4), the existence of @', ¢’ satisfying (7) restricts « to a set
& (0) whose measure | & (0) | satisfies

|8(6) | <3 3 2¢'~LP-3+20+0 g P-3+a0+2, (8)
7a
This gives an estimate for the measure of those a for which (6) fails to hold.
We apply these results with a decreasing sequence 0,,0,, ..., , of values of d, where
=% 0h=3(1-30). (9)
The contribution to f] S(«) | de made by those a which satisfy (6) when 6 = 6, = } is
< Pr#(1-0) & Pn=3-8,

Consider next the contribution made by those « which satisfy (6) when ¢ = 6., but not
when 6 = 6, where g = 1,2, ...,h—1. These a lie in £ (6,), so their contribution is

KPr308010-0) | £(f,) | K Pr=3-0+ 1405460,
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CUBIC FORMS IN 32 VARIABLES 223

The exponent is less than n—3 —d provided 0,,,/0, exceeds 8/9 by a fixed amount. Plainly
we can find values for 0, ..., 0, which satisfy this condition. Finally, as remarked earlier,
every a in m satisfies (6) when 6 = 0,. Hence we have

f |S() | dag P13, (10)
m
In each interval M , , we can approximate to S(«) by lemma 5-6, in which we can take
k = 2—4, since then C(x) does not split with remainder m satisfying (21) of § 5. Thus
S(a) = g8, (f) + O (Pr-tg )

forxinM , ,, where f = a—a/q. The error term here, when integrated over (2) and summed

over (1), gives an amount
<z z Pn——lq-i'+23q—lp—2—3 <Pn—3—6‘.
q a

chce ; g ,Lna, \ S(a) da = g g q'"Sa,qfl(ﬁ) d/‘f"—i— O(Pr—3-9), (11)
where the integration is over |f|<¢ 'P~2-% and the summation is over q, ¢ satisfying (1).
In the notation of (2) and (3) of § 6, the integral with respect to f is
Pr=3 J(P3g-1P-2-%),
Since ¢~1P1-%> P? by (1), it follows from lemma 6-2 and the choice of the box % in § 6 (¢) that
| J(g71P1=0) —Jo | <e(P),

where J, is a positive number independent of P and where ¢(P) is independent of ¢ and
¢(P) -0 as P—co. Hence (11) implies

3 [ o 8(@) da—Pr, S5 q S0, <P) PSS g8, [P, (12)
q a a, q a q a

where all the summations are over a, ¢ satisfying (1).
By lemma 4-3, with x = 2—4, we have

| Sag | <gr42. (1)
Thus the hypothesis (3) of § 7 is satisfied, and the ‘singular series’
x g
S = gl 21 q‘"Sa,q (14:)
= =1

is absolutely convergent and has a positive value. Using the estimate (13) in (12), we obtain

35, S(a)da—Pr3J,6 | <Pr3(e(P)+PY).
g a

a q
Combining this with (10) and (3), we derive the (conditional) asymptotic formula

N(P) ~P=3],& (15)
as P— o0. (P is restricted as stated in § 6 (¢), but this is unimportant.) Plainly 4#°(P)> 0 for

large P, and consequently C(X) represents zero.
We can now pass to the next case, with n, =n—8.
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(¢) The case [ny;1]
We are now concerned with a cubic form in 7, 41 variables of the type

C(xl) ---axnl)—*“dly:l;, (16)

though of course C here is not the original cubic form in n variables. We have n; = n—8>>24.
Our first task is to choose a suitable box for the variables. This is most conveniently done

by regarding the above form as
CHxpy ooy Xy i)

with x, ,; = y,, and choosing a corresponding box #* in n;+ 1 dimensions in accordance
with § 6 (¢). Such a box, after magnification by P, comprises a box P# in n; dimensions for
X, ... %, and an interval for y, of the form

AP<y,<uP, (17)
where A and x are constants and 0<<A<<g (or possibly 1 <x<<0, which comes to the same).
We define .
Ii(e) = X e(adiyi), (18)
AP<y<puP

and we define S(«) by (2) of §4 with #, in place of n. The number 4 (P) of solutions of
C*(x) = 0 with xy, ..., x, in P# and y, in (17) is given by

H(P) = f S(@)T3(e) da. (19)

We dissect the integral as in (3).

It will be necessary to quote some results concerning the sum 7 (a) from the literature of
Waring’s Problem. They are usually stated there with ¢, = 1 and with some other interval
in place of (17), but they remain valid under the present conditions. It should be noted that
d, is a constant in the present context.

We suppose that C(xy, ...,x, ) does not split with remainder z, — 6, since this will be the
next case.

- To estimate the contribution of m to the integral (19), we appeal first to lemma 4+2, as in
the preceding case. For each # in the range (4), we define « by

k= 30(1—9).

The condition 4k <n,0 is equivalent to n,>14, and is satisfied. The inequality (9) of §4
becomes m>n, —7(1—0), or m>n,;—6, and the condition that C(x) does not split with
remainder m is satisfied. It follows from lemma 4-2 that either

| S(a) | < Pm-360-0), (20)

or there is an approximation a’/¢’ to « satisfying the same conditions (7) as in the preceding
case, and so « lies in the same exceptional set & (0) as before. Again, all ¢ in m satisfy (20)
when 0 = }(1—30).

We recall that 1
[REACIR S REHOIR IR (21)
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CUBIC FORMS IN 32 VARIABLES 225

for any fixed ¢>0. This is a well-known consequence of the fact that the number of repre-
sentations of a positive integer # as a sum of two integral cubes is O(«¢). It follows from
Hoélder’s inequality that

fﬂ(()) | T1() | da<{fm | Ty(a) | da}i{l &(0) |}t < P-E+30+25 (22)

by (8) and (21).

As in the previous case, we consider a decreasing sequence 0,,...,0, of values of 6,
beginning and ending as in (9). The contribution to (19) of those « which satisfy (20) when
<Pm-—%1(l—8)f l Ti(a) I da<Pn1——’%+38+%, (23)

by (21) and Hoélder’s inequality. The exponent is less than n, —2—4, which suffices for our
purpose.
"The contribution to (19) of those « which satisfy (20) when ¢ = 6,,, but not when 6 = 4, is

& Pmi—$0g+1(1-0)-1+30g+28
on using (22). The exponent is less than
M —2+3(0,—0y01) — 3 (001 —3) + 58, (24)
and this is less than n—2—4d provided that

0,—0,., <30 and 6,,,>}+143. | (25)

Thus we can choose a number of values of @ which is bounded in terms of d in such a way as to
cover the contributions to (19) from all « except for those which fail to satisfy (20) when
6 = %+ 140. This argument is therefore not completely effective, and we go on tosupplement
it by a further consideration.

Let # denote the set of those « in m which fail to satisfy (20) when 6 = {4 144. By
lemma 4-2 there exist @', ¢’ such that

1<q' <P, (d,q) =1, ) (26)
|a—a'[q' | <q'~'P-2+2%, (27)

Lemma 5 of Davenport & Heilbronn (1937) states that

(@) = ¢ Toa, e IO(F) +0{g¥+<(1+ P2 ')}, (28)

where f' = «—a’/q’ and Ty = ff e (b'y3lq"), (29)
y=1

1) = [ e @fr) an (30)
AP

It is well known that | 7}, . | <¢'tif (4, 4’) = 1, and this remains valid for T, , since the
highest common factor of a’d; and ¢’ is bounded. It follows from (28) that

| T3 () | < (q')"tP+¢'¥+e(1 4 ¢ "1 P1+299) & (¢') ~H+epl+298 (31)
for all ¢ in &

29 Vor. 251. A.
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This enables us to deal with the exceptional set #. We have
J.f | T1 (@) | da<€ q’<g+mq/ (g')~}+eP1+298g~1P-2+298 & P~}+788, (32)

Since (20) holds throughout m when § = }(1—34), we have
f | () Ty () | dow € Pr1—1-0)A1-30)-3+788 ¢ Pmi-2-9,
. F

This completes the proof that
[ 15@) Ty(@) | dac -2,
m

Turning now to the intervals3, ,, we have the result of lemma 56 with £ = £ —J, namely
(@) = g8, 1(f) + O(Pm=1g 4+29) (33)

forain®k, o> where of course S, , and () are constructed from the form C(x,, ..., %, ) in (16).
We require also a similar approximation for 77(«). That given above in (28), which is valid
unconditionally, is not sufficiently precise for the present purpose. But by lemma 7 of
Davenport (1939) we have

Ti(@) = 7' T, o IV () + O(g+) (34)

on M, ,, where T, . and I(f) are as defined in (29) and (30).
On multiplying together the main terms in (33) and (34), we obtain a main term which is

simply T OISE I B),
where the superscript indicates that the sum and the integral are defined in terms of the

form C*(xy,...,x,,,) in n,+1 variables, with the appropriate box P#Z* in the case of the
integral. The error term in the product is easily estimated, since

| Saq | <gm-i*2 (35)
by lemma 4-3 with x = £—4, and | Tadnq | <, (36)

as noted earlier. It is found that the error term is < Pr¢~1-7+2% and when thisis integrated
over 9, , and summed over (1) it gives a result <Pm~2-9,
Hence the contribution of the 9, , to the integral (19) can be taken to be

Z z q_(nl+l)S;qu+(ﬂ) dﬂ,
q a
where the summation is over (1) and the integration over | §| <¢~'P~27%. We have
| S;-,q I = | Sa,qT;zdl,q ! <q(n1+1)—2...1;ﬂ.+5

by (35) and (36), so the hypothesis corresponding to (3) of § 7 is satisfied. The argument is
concluded as in the preceding case, but with reference now to the form C* in n, + 1 variables.
We obtain the (conditional) asymptotic formula

N (P) ~Pm-2J5@*

as P—> oo, where @* is the singular series appropriate to C* and J§ is the constant of
lemma 6-2 appropriate to C*. This completes the treatment of the present case.
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(d) The case [ny; 2]
We are now concerned with a cubic form in 7,2 variables of the type
C(%1, . oes %,,) +dy 3+ doyd, (87)

where n, = n,—6>18. We regard this form alternatively as C*(x,,...,%,,,,), and choose
a corresponding box #* in n,+2 dimensions, which upon magnification gives a box P#Z
in n, dimensions and two intervals for y, and y,, each of the form (17). With a similar
notation to that of the preceding case, we have

#(P) = [ S T;(@) Ty(e) doy (38)

and we dissect the integral as before.

We suppose that C does not split with remainder z,— 5, since this will be the next case.
Thus we can take x = 36(1 —¢) in lemma 4-2 and x = $—§ in lemma 5-6. The conditions on
n, in these lemmas are satisfied since 7,>12.

The work proceeds on the same lines as in the preceding case. The exponent corresponding
to that in (20) is now n,—36(1 —4d). In place of (22) we obtain

[PREACEACIETE s (39)

The contribution of those @ which satisfy the analogue of (20) when § = 6, = $ is easily seen
to be <P7~1-% The exponent corresponding to (24) is

<ny— 1 +2(0g_0g+1) - (ﬁg+l - %) +58,
and is less than n, — 1 — ¢ under conditions similar to (25). There remains a set # in m which

is substantially the same as before. Using the analogue of (31) for 77(«) and T,(a), we find

that
[ In@ @ dacpi, (40)

where ¢’ is a numerical multiple of 4. This suffices for the treatment of %, since
| S(«) | < Pr2~#+68 throughout m, by the case § = }(1—30) of lemma 4-2. We obtain

| 1560) Ty(@) Ty(a) | dusg Prem1-.

The treatment of the intervalsi, , is straightforward ; we have now to multiply together
an approximation like (33), but with — %+ 24 for the exponent of ¢, and two approximations
like (34). No difficulty arises, and we obtain finally a (conditional) asymptotic formula of

the form N (P) ~Pra-1]3 &+
as P— oo. This completes the treatment of the case.
(¢) The case [ng; 3]
We are now concerned with a cubic form in 75+ 3 variables of the type
Clt1s oo %) + 191+ dpy 3+ dyy3s

where n; = n,—5>13. We suppose that C does not split with remainder n; — 4. We can take
k = $6(1—90) in lemma 4-2 and x = £—0 in lemma 5-6.

29-2
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The work proceeds as before; in place of (22) we find that

| 110 ) Tifa) | dac Preoes.
&)

The exponent corresponding to (24) is
<723 + (ﬂg—-ﬁg-H) _%(6g+1 - %) + 58>

and is less than n;—¢ for a similar choice of ¢,, 8,, .... There remains a set # in m as before.
We find that

| 110 B Ti@ | dasPres, (41)
and this suffices. ’

The treatment of the intervalst, , is on the same lines as before, and we obtain a (condi-
tional) asymptotic formula of the form

N (P)~PrsJ§{&+
as P— o0,

(f) The case [ny; 4]
We are now concerned with a cubic form in z,-}-4 variables of the type

C(xh ’xm) +dly:;’+ +d4yi:

where n, = n;—4>9. We suppose that C does not split with remainder n,—3. We can take
k = 20(1—90) in lemma 4-2 and k = 1—4 in lemma 5-6.

Although the general lines of proof are the same as before, a slight change of technique is
appropriate in the treatment of m. In place of (22) we have

[, Ti@...Tya) |aaepe, (42)

by immediate deduction from (21). Since
| 8(a) | < Pra-200-9) (43)
except in the set & (6), the use of several exponents # is no longer necessary ; for if integration
is limited to those a which satisfy (43) when 6 = }+24, we have
f 18(a) T,(@)...Ty(@) | da< Pr+i-2.
Thus there remains only a set of the same general type & as before. For the contribution
of Z, we no longer use (31) directly but appeal to (41) and supplement this by the estimate
| Ty(@) | <P (44)

This is Weyl’s inequality, valid throughout m, and will be found as lemma 18 in Davenport
(1939). Thus we obtain

| 1@ Ti@) | daPE,
F

and since | S(«) | € P4~1%4 in m, this suffices to complete the treatment of #.
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The contribution of the intervals 3%, , is approximated to in the usual way, and we obtain
an asymptotic formula in which the exponent of P is n,+ 1.

(g) The case [ng; 5]
We are now concerned with a cubic form in n;+ 5 variables of the type

Clxyy s 2,) +dyy3+ ... +d5y3,

where n; = n,—3>6. We can suppose that C does not split with remainder n;—2. We can
take x = $0(1—4) in lemma 4-2 and « = £ —0 in lemma 5-6. But it should be noted that the
conditions imposed on 75 by these choices are equivalent to ;> 6, and this condition is now
only just satisfied.

In place of (22) we use
[ PRECREACIEES Sl (45)

which follows from (42) and (44). Again the use of several exponents 6 is unnecessary. For
the treatment of # we use

[ 1T@- T | daprios, (46)

which follows from (41) and (44).
With these changes and the natural changes consequential on the new values of «, the
proof proceeds as in the last case.

(k) The case [ng; 6]
We are now concerned with a cubic form in ng+ 6 variables of the type
Cltty-vvs )+t .+ st

where ng = n;—2>4. We suppose that C does not split with remainder n;—1. We can take
k = 6(1—0) in lemma 4-2 and « = $—4 in lemma 5-6. The conditions on n; become 75> 4,
which is satisfied.

We now have
f | T3 ()... Tg(«) | da< P3+3+30)
P

by (42) and (44). Also Ty (c)... Ty(e) | da < P3+4+",
Ty

by (41) and (44). These results suffice for the treatment of m, and the treatment of the
intervals 9t, , presents no difficulty. It will be noted that the result of § 7 is still applicable,
since C* is a form in ng+ 6>10 variables.

(¢) The case [n,;7]
We are now concerned with
Cltryweos ) iyt .+

where n; = n;—1>3. Putting x, = yg and putting the other x’s zero, we see that it suffices to
rove that the form .
P dyi+...+dgy} ‘ (47)

represents zero, where d,, ..., dg are non-zero integers.
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This is a fairly straightforward task, if one uses the methods and results of Davenport
(1939). We first choose a small 7-dimensional box

Aj<yj<ﬂj (J= 1,..., 7)3 (48)

which is centred on a real solution of d,y3+ ... +d;y3 = 0 with none of y,, ..., y, zero. This
defines 7 corresponding exponential sums 7;(«). We further define

W= 3  e(edsyi). (49)

PAB<yp<2PAl

The number of representations of zero by the form, with

MLP<y,<uP (1<j<7), PH<y,<2P¥ (50)
is given by N (P) = f Ti(a)...T5() W(a) da, (51)

and the integral is again dissected as in (3).
It is easily deduced from lemma 1 of Davenport (1939) that

[ 175000 121 (o) [+ dac P
0
for any fixed ¢> 0. Further, by (21) and (44), we have

f | 7}(@ |6 do < P2re+i+28
m
Hence, by Hoélder’s inequality,

fml T;(OL) |5 I W(OL) I da<<P&(1§+e)+%(%+3b‘)<P3+{-}+36. (52)
It now follows from (52), (44) and Hoélder’s inequality that
f | T(0).... Ty (@) W(a) | da< PH+3+ss,
m

This is a sufficiently good estimate for the contribution of m to (51), for the main term in the
final asymptotic formula will be of order P-3P7P45 = P4+,

It is necessary to deal separately with those 9t, , for which ¢>P#1-9, since effective
approximation to W(«) is not possible in them. But their contribution can be estimated
sufficiently well by taking a bound for | 7;(«) | (j=1,...,7) derived from its approximation
and a bound for | W(a) | derived from (44), on the same lines as in Davenport (1939).

The intervals M, , with ¢<P¥1-9 provide the main term in the asymptotic formula.
Their contribution, apart from an error term which can be neglected, is

22 9"87}d1,q---72d3,qf1“’(/5’) - AO(B) I*(f) dB, | (53)
q a
where the integration is over |f|<g¢~!P~27%, and where I®(f), ...,I7(f) are as defined in

(30), and where opiss
| 14(6) = [, o (bau}) dés
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With §; = Py, for j<7 and &3 = P*5y4, and with § = P~3¢, the integral in (563) becomes
R N O 3 3 p-3i54 p3
potft AV ] et dyni PRy ) diy...d .
-q 1 7

The effect, in (53), of ignoring the term P~3/5dy 5§ and the corresponding integration over 7,
is easily seen to be negligible. After this, the last expression becomes

P+4J(g 1P1-%),
where the function J is defined as in (3) of § 6, but relative to the form d; 73+ ... +d; 73 in the
box 4;<n;<u; (j=1,...,7). By the choice of this box made above, lemma 6-2 is applicable
adglves (P =Ty | <e(P)

for g<< P¥1-9), Substituting in (53) and extending the series to infinity, the main term becomes

P‘H*Jog Eq: 0 Togy,q-+- 1,
1

; l = .o adg,q'
(a,q)=1

The series here is the singular series for the form (47). It is absolutely convergent since
l T;dj,q I < q§’

as noted earlier. To know that its sum is positive, we need for every prime p the existence of

a non-singular p-adic solution of
diyi+...+dgyg =0,

a result analogous to that of § 2, but easier to prove because of the additive nature of the
form. The proofin fact presents little difficulty, and the result with 7 terms instead of 8 has
been proved by Lewis (1957 a).

We thus obtain the asymptotic formula

H(P) ~P+4]&

as P— 00, and in this case the result is unconditional. Hence the form (47) represents zero,
and the proof of the theorem is complete.
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